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Zero sets of eigenspinors for generic metrics 

Andreas Hermann 



Abstract 

Let M be a closed connected spin manifold of dimension 2 or 3 
with a fixed orientation and a fixed spin structure. We prove that for a 
generic Riemannian metric on M the non-harmonic eigenspinors of the 
Dirac operator are nowhere zero. The proof is based on a transversality 
theorem and the unique continuation property of the Dirac operator. 
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1 Introduction 

Let (M,g) be an oriented Riemannian spin manifold of dimension n. We 
denote by ¥§o{M,g) the principal SO(n)-bundle of positively oriented g- 
orthonormal frames. A spin structure on (M,g) consists of a principal 

*AMS Subject classification numbers: 53C27 (primary), 58J05, 35J08 (secondary) 



1 



Spin(n)-bundle Pspin(-^>#) and a two-fold covering 



G: P Sp in(M, 5 ) ^P so (M,g), 

which is compatible with the group actions of SO(n) on Pgo(M, g) and of 
Spin(n) on Pg p i n (M, g). We will always assume that a spin manifold has 
a fixed orientation and a fixed spin structure. If in addition a Rieman- 
nian metric g on M is chosen, we denote the Riemannian spin manifold 
by (M, g, O). The spinor bundle is defined as the associated vector bundle 
T, 9 M := Pg p j n (M, g) x p T, n , where p is the spinor representation on the com- 
plex vector space S n of dimension l^ 1 /^. The Dirac operator D 9 is a linear 
elliptic differential operator of first order acting on smooth sections of S 9 Af : 

D 9 : C°°(S 9 M) -> C°°(S 9 M). 

A detailed introduction to the concepts of spin geometry, which we use here, 
is given in [ LM] . 

In some questions arising in conformal spin geometry and in mathemat- 
ical physics the zero sets of solutions to generalized Dirac equations play an 
important role. Given a compact Riemannian spin manifold (M,g,Q) one 
would like to obtain bounds on the eigenvalues of D 9 which are uniform in 
the conformal class [g] of g. For every metric h E [g] let A^(/i) be the small- 
est positive eigenvalue of D h and let Xi(h) be its largest negative eigenvalue. 
The two conformal invariants 

A min := inf lAf^lvoKM,/*) 1 /™ 

h£[g] 



have been studied by many authors. A non-exhaustive list is Hijl , Hij2 
[Loj . |Bal| . [Am2| . A natural question is whether the infimum is attained 
at a Riemannian metric. By a result of B. Ammann this is the case, if the 
nonlinear partial differential equation 

D 9 ^ = A+ n Hf Uhn/in-l) = 1 (1) 

has a solution ip, which is nowhere zero on M (see |Am4j ). It is not obvious 
that a solution without zeros exists. 

Another example involves the zero sets of Witten spinors. Originally 
these spinors were used by E. Witten to prove the positive energy theorem 
for spin manifolds (see [Wi| ) . But it has also been suggested to use them in 
order to construct special orthonormal frames of the tangent bundle of an 
asymptotically flat manifold of dimension 3 (see [Nj, [DMj . [FNSI ). It turns 
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out that this is possible, if one can find a Witten spinor which is nowhere 
zero. However it is not clear that such a spinor exists. 

In this article we consider the dependence of the zero sets of eigenspinors 
of the Dirac operator on the metric. We restrict to the case of closed Rie- 
mannian spin manifolds but we hope that some of the techniques developed 
here may be carried over to the questions mentioned above. The spectrum 
of the Dirac operator has been computed explicitly for some Riemannian 
spin manifolds. The result on the round sphere (see e. g. [Ba3]) shows that 
the multiplicity of an eigenvalue can be greater than the rank of the spinor 
bundle, which implies that there exist eigenspinors with non-empty zero set 
for special choices of a Riemannian metric. However it is also known ([Da]) 
that for a generic Riemannian metric on a closed spin manifold of dimension 
2 or 3 the non-zero eigenvalues are simple (see Section 14.11 for a precise defi- 
nition of the term "generic"). Thus one might conjecture that in the generic 
case the eigenvectors corresponding to non-zero eigenvalues should also be 
nowhere zero. We prove that this is indeed true. More precisely let M be a 
closed spin manifold and denote by R(M) the set of all smooth Riemannian 
metrics on M. For every g £ R(M) denote by [g] C R{M) the conformal 
class of g. Furthermore let N{M) be the set of all g £ R(M) such that all 
the non-harmonic eigenspinors of D 9 are nowhere zero on M. Then we prove 
the following. 

Theorem 1.1. Let M be a closed connected spin manifold of dimension 
2 or 3 with a fixed orientation and a fixed spin structure. Then for every 
g G R(M) the set N(M) n [g] is residual in [g] with respect to every C k - 
topology, k > 1. 

Recall that a subset is residual, if it contains a countable intersection of 
open and dense sets. In Section [4.21 we will give an example showing that in 
dimension 2 an analogue of this theorem for harmonic spinors does not hold. 
Furthermore it is known that for n = 3 the set of all Riemannian metrics g 
satisfying ker D 9 = is generic (see [Ma]). Thus for n = 3 the assertion of 
our theorem holds for all eigenspinors, not only the non-harmonic ones. 

The main idea of the proof of Theorem II .11 is as follows. If g, h are two 
Riemannian metrics on the spin manifold M, then a natural isomorphism 
between the two vector bundles T, 9 M and T, h M is well known. We construct 
a continuous map F defined on a suitable space of Riemannian metrics, 
which associates to every metric h an eigenspinor of the corresponding Dirac 
operator D h viewed as a section of S 9 M. Theorem 11.11 then follows from a 
transversality theorem. In order to apply this theorem we have to make sure 
that the evaluation map corresponding to F is transverse to the zero section 
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of Y* 9 M . Our assumption that this is not the case leads to an equation 
involving Green's function for the operator D 9 — A with A G K. From the 
expansion of this Green's function we obtain a contradiction using the unique 
continuation property of the Dirac operator. 

This article is organized as follows. In Section 12.11 we recall a method 
of identifying spinors for different metrics, while in Section 12.21 we state a 
transversality theorem and a unique continuation theorem, which are both 
used in the proof. Section [3] contains the derivation of the expansion of 
Green's function for the operator D 9 — A around the singularity with A G R. 
The proof of Theorem 11.11 is then carried out in Section 14. T\ while in Section 
I4.2l we give an example showing that the theorem does not hold for harmonic 
spinors on closed surfaces. 

Acknowledgements The author wishes to thank Bernd Ammann (Re- 
gensburg) and Mattias Dahl (Stockholm) for many interesting discussions. 



2 Preliminaries 

2.1 Spinors for different metrics 

Let (M, g, 0) be a closed Riemannian spin manifold. Since the spinor bundles 
E 9 M and T, h M are two different vector bundles, the question arises how one 
can identify spinors on (M, g) with spinors on (M, h) in a natural way. The 
case of conformally related metrics g and h has been treated in [Hit] , [Hij 1 1 . 
For general Riemannian metrics g and h Bourguignon and Gauduchon [BGj 
have solved this problem. In this article we only need the case of conformally 
related metrics. 

Let h = e 2u g with u G C°°(M,R). Then by [Hit], [HrjTj there is an 
isomorphism 

/3 g , h : T, 9 M -> S fe M 

of vector bundles, which is a fiberwise isometry. Then for all ip G C°°(S 9 M) 
we have 

iAe~ (n ~ 1W2 /W) = e- (n+1)u/2 /3 Si ^^. (2) 



Furthermore, if h, k G [g], then the construction in Hij 1 shows that we have 

Pg,k = Ph,k ° Pg,h- (3) 

This formula is also derived in [BGj together with the fact that an analogue 
for general Riemannian metrics g, h, k does not hold. Our aim is to compare 
the Dirac operator D h to D 9 using a differential operator 

D g,h . C °°(J: 9 M) -> C°°(S 9 M). 



4 



In order to obtain an operator with a self-adjoint closure in L 2 (T> 9 M) one 
also has to take into account the different volume forms dv 9 and dv h induced 
by the metrics g and h, as was remarked in S. Maier's article [Ma]. Namely 
using that dv h = e nu dv 9 and defining 

P g ,h ■= e~ nu/2 (3 g , h : YPM E h M. 

we see that the operator 

D 9,h :=A, 9 D%, h 

has a self-adjoint closure in L 2 (S 9 M). Furthermore for all ij) € C°°(S 9 M) 
we have 

D g,h^ = e -u/2 D g( e -u/2^ 

by the equation ([2]). 

Let / € C°°(M, R) and let I C R be an open interval containing such 
that for all t £ I the tensor field gt ■= g + tfg is a Riemannian metric on 
M. Then for all ^ € C°°(^M) we have 

= (1 + tf)- l/i D 9 {{\ + t/)~ V V) 

and therefore 

^£> 9,9t Uo^ = -5/^ " ^grad^(/) ■ 4>. (4) 

Furthermore the family (gt)tei of Riemannian metrics on M induces 
real analytic families of eigenvalues and eigenspinors of the family of Dirac 
operators (D 9 ' 9t )t^i. Namely by a theorem of Rellich (see Thm. VII. 3. 9 in 
[K] . |BG| ) we have the following lemma. 

Lemma 2.1. Let A 6e an eigenvalue of D 9 with d := dimcker(L> 9 — A). 
Then there exist real analytic functions Ai,...,Arf on I such that Xj(t) is an 
eigenvalue of D 9,9t for all j and all t and Xj(0) = A for all j. Furthermore 
there exist spinors ipj t> 1 < j < d, t £ I, which are real analytic in t, such 
that for every t E / the spinors ipjt> 1 < J < form an I? -orthonormal 
system and for every t G / and for every j the spinor i/jjj is an eigenspinor 
of D 9 ' 9t corresponding to \j(t). 

2.2 Further preliminaries 

In this section we briefly recall a transversality theorem from differential 
topology and a unique continuation theorem for Laplace type operators act- 
ing on sections of a vector bundle. Both theorems will be crucial for the 
proof of our main theorem. 
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Definition 2.2. Let f: Q — > N be a C map between two manifolds. Let 
A C N be a submanifold. f is called transverse to A, if for all x £ Q with 
f(x) € A we have 

T f(x)A + im (df\ x ) = T f ( x) N. 

We quote the following transversality theorem from [Hir| . [U] . 

Theorem 2.3. Let V , M , N be smooth manifolds and let A C N be a smooth 
submanifold. Let F: V — > C r (M,N) be a map, such that the evaluation map 
F ev : V x M N , (u, m) !->■ F(v)(m) is C r and transverse to A. If 

r > max{0, dim M + dim A — dim TV}, 

then the set of all v € V, such that the map F(y) is transverse to A, is 
residual and therefore dense in V . 

Let (M, g) be a Riemannian manifold and let S be a vector bundle over 
M with a connection V. Then the connection Laplacian 

V*V : C°°(S) -> C°°(S) 

is a linear elliptic differential operator of second order. In terms of a local 
g-orthonormal frame (ej)" =1 of TM it is given by 

n n 

V*W = - V ei V ei V + V v ei e>- (5) 
i=l i=\ 

We will use the following unique continuation theorem due to Aronszajn 
( [Ar| . quoted from [Ba3| ). 

Theorem 2.4. Let (M, g) be a connected Riemannian manifold and let S 
be a vector bundle over M with a connection V. Let P be an operator of 
the form P = V*V + P\ + Pq acting on sections of E, where P±, Po are 
differential operators of order 1 and respectively. Let ip be a solution to 
Pip = 0. If there exists a point, at which ip and all derivatives of ip of any 
order vanish, then if) vanishes identically. 

If (M,g, 0) is a closed Riemannian spin manifold, then from the connec- 
tion V 9 on the spinor bundle one obtains a connection Laplacian V*V. For 
all ip E C°°(S 9 M) we have by the Schrodinger-Lichnerowicz formula 

seal 3 

(£3)2^ = V *V^ + (6) 

(see [LM] p. 160), where seal 9 is the scalar curvature of (M,g). Thus the 
above theorem applies to the operator (D 9 ) 2 . 
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3 Green's function for the Dirac operator 



3.1 The Bourguignon-Gauduchon trivialization 

Let (M, g, Q) be a Riemannian spin manifold of dimension n. In this section 
we explain a certain local trivialization of the spinor bundle T, g M, which 
we will use later. In the literature (e.g. [AGHM], |AH] 1 it is known as the 
Bourguignon-Gauduchon trivialization. 

Let p G M, let U be an open neighborhood of p in M and let V be an open 
neighborhood of in M n , such that there exists a local parametrization p: 
V — > U of M by Riemannian normal coordinates with p(0) = p. The spinor 
bundle over the Euclidean space (M n ,g e uci) with the unique spin structure 
will be denoted by ER n . 

Let x G V . Then there exists G x G End(T a; V r ), such that for all vectors 
v, w G T X V we have 

(p*g)(v,w) = g cuc \(G x v,w) 

and G x is <7 e uci-self- adjoint and positive definite. There is a unique positive 
definite endomorphism B x G End(T,j;V) such that we have B^. = G^ 1 . If 
(Ei)f =1 is any g euc i-orthonormal basis of T X V, then (B x Ei)f =1 , is a p*g- 
orthonormal basis of T X V. Therefore the vectors dp\ x B x Ei, 1 < i < n, form 
a c/-orthonormal basis of Tp^^M. We assemble the maps -B^ to obtain a 
vector bundle endomorphism B of and we define 

b: TV^TM\u, b = dpoB. 

From this we obtain an isomorphism of principal SO(n)-bundles 

Pso(V,g cuc i) -»• Pso(U,g), (E t )? =1 ^ (b(Ei))? =1 , 

which lifts to an isomorphism of principal Spin(n)-bundles 

c : -Pspin (V; g cuc \ ) Ps P m(U, g) ■ 

We define 

13: SM n | y -»• S S M|[/, [s,a] i->[c(s),ff]. 

This gives an identification of the spinor bundles, which is a fibrewise isom- 
etry with respect to the bundle metrics on EM n |\/ and on Y, 9 M\u- Further- 
more for all X G TV and for all ip G £M n |y we have /3(X ■ ip) = b{X) ■ /%). 
We obtain an isomorphism 

A: C^i^Mlu) -> C°°(SR n |v), ^^oi/jop, 
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which sends a spinor on U to the corresponding spinor in the trivialization. 
Let V 9 and V denote the Levi Civita connections on (U, g) resp. on (V, g euc \) 
as well as its lifts to Ti 9 M\jj and £R n |y. Let (ei)f =1 be a positively oriented 
orthonormal frame of TM\jj. Then for all ip G C co (Yi 9 M\u) we have 

1 n 

j,k=l 

where 

r&:=<7(V|. eij e fc ) 

(see |LMj . p. 103, 110). In particular we can take the standard basis (Ei)f =1 
of M ra and put ej := b(Ei), 1 < i < n. We define the matrix coefficients B\ 
by B(Ei) = J2]=i BfEj. It follows that 

1 - ~ 

j,k=l 

n ^ n 

= vem + Y^i - 6 D^e 3 a^ ^ii E 3 ■ E * ■ ( 7 ) 

j=l j,k=l 

Hence we obtain 

n 

i,j',fc=l 

Let dj := dp(Ej), 1 < j < n, be the coordinate vector fields of the normal 
coordinates. The Taylor expansion of the coefficient g$j of the metric around 
is given by 

1 n 

gij(x) = Sij + 3 E R iabj{p)x a x b + 0(\x\ 3 ), 

a,b=l 

where Riabj = g(R(db,dj)d a ,di) denotes the components of the Riemann 

_-| Icy 

curvature tensor (see e.g. |LPj . p. 61). Since we have (Bj)ij = (gij)^ it 
follows that 

1 n 

B i(x) = 6 1-qY1 R iabj(p)XaX b + 0(|x| 3 ). (9) 
a,b=l 
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Since we have V| fe <9 r j p = for all k, r, we obtain 

f£(p(*)) = 0(\x\) (10) 

as x — > for all m, k, r. 

3.2 The Euclidean Dirac operator 

The aim of this section is to calculate preimages under the Dirac operator 
of certain spinors on R n \ {0} with the Euclidean metric. The results will be 
useful for obtaining the expansion of Green's function for the Dirac operator 
on a closed spin manifold. 

Definition 3.1. For k G R, m G N and i G {0,1} we define the vector 
sub spaces Pk t m,i(W') °f C oo (S^™|]R™\{0}) as follows. For k ^ define 

k 1 < h, ...,i m < n, \ 



Pk, m ,i(R n ) ■= spanjx ^ x il ...x im \i\' r ■ - 
and furthermore define 



7 G S„ constant 



F„,„,„(R") := spanjx * x h ...x im to |x| 7 \ ^'l^'ZtlT } 

/W(1R») := s P a„{x^, i ,...x (m (l-„l„|x|)x. 7 | 

Note that there exist inclusions among these spaces. For example one 
has Pk+2,m,o(^ n ) C Pk,m+2,o(W l ) for all m and all A; / —2. However in 
the following we will very often not use these inclusions, since exceptions 
like the case k = —2 in this example would make the following statements 
rather more complicated. The exception k = — 2 in this example is due to 
our definition of Po,m,o(R n )- The following proposition will show that this 
definition is nevertheless useful. 

Proposition 3.2. For all m G N, k G R with —n < k and —n < k + m < 

we have 

[(m+l)/2] [m/2] 
^W^) C £ P k+2j , m+1 _ 2jfi (R n ) + E ^+2 j ,m-2 J M(M n )) 

j=l j=0 
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For all m G N, k G R with —n < k and —n <k + m + l<Owe have 

[m/2] [(m+l)/2] 
3=0 j=l 

Proof. We use induction on m. Let m = and let 7 be a constant spinor on 
(R n ,g cuc i). We want to prove that P fe)0 ,oO& n ) C Z? 9cucl (^fe,o,i( Rn )) for a11 & 
with -n < k < and Pjfc, ,i(K n ) C ^ c '(P fc+2 ,o,o(IR n )) for all k with -n < k 
and + 1 < 0. One calculates easily that 

|x| fc 7, k 7^ — n 
In |x|7, 

\x\ k x -7, k ^ -2 
|x|~ 2 x • 7. 

Using the definition of Pfc,o,«(^ n ) one finds that the assertion holds for m = 0. 

Let m > 1 and assume that all the inclusions in the assertion hold for 
m — 1. Using the equation E{ ■ x = —2x,- L — x ■ E{ we find 

D^(-x il ...x irn \x\ k x ■ 7) 

m 

= x^ ...Xi- ...Xi m \x\ Eij • x • 7 — x^ ...Xj m -D^ cucl (|x| x • 7) 

= (2m + n + /c)x il ...x im |x| fc 7 + E x n--^-- a; iml a; | fea; ' ^ ■ 7- 

i=i 

Since -Ej . -7 is a parallel spinor the sum on the right hand side is contained in 
Pk,m-i,i(M n )- We apply the induction hypothesis and since 2m + n + k 7^ 
we find that the assertion for Pk, m ,o{^ n ) holds. We define fk(x) := ||x| fe for 
A; / and /o(x) := In |x|. Then we find 

D g ^{x h ...x irn f k+2 {x)~f) 

m 

= x h ...x im \x\ k x ■ j + ^2xi 1 ...x7 j ...x im f k+2 (x)E ij -7. 

i=i 

The sum on the right hand side is in -Pfc+2,m-i,o(^ n )- Again we apply the 
induction hypothesis and we find that the assertion for Pk,m,i 

(R n ) holds. □ 



n + k 



\x\ k x • 7) 



,l-nln|x| s 
D 9eud [ x • 7) 



n 1 - 
1 



fc + 2'"' 7) 
D 9eucl (ln Ixh) 
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3.3 Expansion of Green's function 

Let (M, g, 0) be a closed Riemannian spin manifold of dimension n and let 
Ael. Let TTf M x M -> M, i = 1, 2 be the projections. We define 

Z 9 M M £ 9 M* := 7r*E»Af <£> (ir%T, 9 M)* 

i. e. T, 9 MMT, 9 M* is the vector bundle over M x M whose fibre over the point 
(x,y) E M x M is given by Hom c (Sf;M, SgM). Let A := {(x,x)\x £ M} 
be the diagonal. In the following we will abbreviate 



= lim 

M\{p} £ ^°JM\B £ (p) 

Definition 3.3. A smooth section G{: M X M \ A -> E 9 M E T, 9 M* which 
is locally integrable on M x M is called a Green's function for D 9 — A if for 
all p € M, for all tp £ Y? V M and for all ip € im (D 9 — A) u>e have 

(D 9 - \)i;,G 9 x (.,p)tp)dv 9 = (il>(p),<p), (11) 

AI\{p} 

and if for all p € M , for all p G SpM and for all if) G ker(Z) 9 — A) we have 

(4>,G 9 x (.,p)p)dv 9 = 0. (12) 



/ 

J M 



AI\{p} 

The smooth spinor G 9 x (.,p)p on M \ {p} will sometimes also be called 
Green's function for ip. Let P: C°°(Z 9 M) -> ker(L>9 - A) denote the L 2 - 
orthogonal projection. Then we have for all tp £ C°°(E S .M) and for all 
if € £$M 

/ ((£M» - \)4>,G 9 x (.,p)ip)dv 9 = (^(p) - P^ip)^). (13) 

JM\{p} 

On Euclidean space we define a Green's function as follows. 

Definition 3.4. Let (M,g) = (M. n ,g euc \) with the unique spin structure. A 
smooth section G 9 X : MxM\A-> S»M M Y< 9 M* which is locally integrable 
on M x M is called a Green's function for D 9 — A if for all p € M, for 
all p € YspM and for all ip 6 C°°(S 9 M) wrai/i compact support the equation 
(E2P ZioWs. 
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Of course a Green's function for D 9cucl — A is not uniquely determined by 
this definition. We will explicitly write down a Green's function for D 9cucl — X. 
First observe that for every spinor \ G C°°(SR n |]gn\/o}) and for every A G R 
the equation 

n 

i=i 

holds on R n \ {0}. Let 7 be a constant spinor on (R n ,g cuc i) and let g be a 
solution to the ordinary differential equation 

g"(z) + —g'iz) + X 2 g(z) = -S , (14) 

z 

which is smooth on (0,oo). If we define / G C°°(R n \ {0},R) by f{x) := 
g(\x\), then the spinor G^ oucl (.,0)7 := (D 9cucl +A)(/7) is a Green's function. 

In the following let T denote the Gamma function and J m , Y m the Bessel 
functions of the first and second kind for the parameter m G R. In the 
notation of |ASj . p. 360 they are defined for z G (0, 00) by 



1 00 

J( z ) = -z m (l + y"a k z 2k ), me 

V 1 2 m r(m+l) V ^ ' 



k=l 

00 



Y (z) = -(ln(^) +c)Uz) + Y J b k z 2 \ 

k=l 

rym 00 1 

Y m (z) = T(m)z- m (l + Vc fc z 2fc ), m = - + ^fceN, 

2 

2 m 00 2 7 

F m (z) = r( m )z- m (l + V4?)+-ln(-)j m (4 mGN\{0}, 

k=l 

where c is a real constant, the a^, c^, d^ are real coefficients, the a^, c&, 
dk depend on m and all the power series converge for all z G (0, 00). Let 
L>J n -i = vol(5" _1 , (/can) be the volume of the (n — l)-dimensional unit sphere 
with the standard metric. 

Theorem 3.5. Let m:=^. We define f\: R™ \ {0} -> R as follows. For 
A 7^ and n = 2 

/>(»)=— ^,(|A«|) + '"'*' -^" + e Jb(|^). 
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for A / and odd n > 3 

,/AV 7 2 m T(m)(n - 2)w„_i 1 U 17 
/or A ^ and even n > 4 

• /AV 7 2 m r(m)(n-2)cj n _i 1 V mVI 17 vr Vl 'V 

and 

/o(ic) : = -7T-Mz|. "- = 2, /o(x) := — - — r-^, n > 3. 

27T (n — 2)uj n ^i\x\ n z 

Then for every constant spinor 7 on M. n a Green's function for D 9cucl — A is 
given by 

G 9 x ™ l (x, 0)7 = (D 9 ^ + A)(/ A7 )(x). 

Corollary 3.6. For every constant spinor 7 £ E n there exists a Green's 
function of D 9cucl — A, which has the following form. For n = 2 

G*T*{x, 0)7 = -r^n • 7 " T" ln l^lT + In + Ca(*), 

Z1T\X\ \X\ Z7T 

/or odd n > 3 

Gr d (x, 0)7 = A • 7 + 7 9 , A 1 |w _ 2 7 + I^CaO*), 

for even n > 4 

or* (a, 0)7 = + 7 — o\ A 1 in- 2 7 + kl 2 " ra CA(x) 

w n _i|x| n 1 |x| (n — 2)a; n _i|x| n ^ 

yri— 1 

■ ln |x|7 + ln |x|$a(x), 



2«-2r(f)2a; n _ 1 

where for every n and for every A the spinors $\, (\ extend smoothly to W a 
and satisfy 

Ka(x)| 9cuc1 = 0(\x\), \M*)\ 9cucl = 0(\x\) asx^O 

and where for every n and for every x the spinors •&\(x)Xx(x) £ £ n are 
power series in A with $o(x) = (q(x) = 0. 
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Proof of Corollary 13, 61 Using the definition of fx we find for n = 2 

i2fc 



i ~~ i ~ 

/a(x) = -— In |x|(l + a k \Xx\ 2k ) - - £ 6 fc |Ax| 

for odd n > 3 



2vr 1 lv ^ 1 1 y 4 

fc=i fc=i 



oo 

(n — 2ju; ri _i|x| ra ^ 



fc=i 

and for even n > 4 



i! 1 fc=l 



tt, — — k In 1x1 (l + azJAxh 

2«- 2 (m!) 2 a;„_i 1 IV frt 



fc=l 

The assertion follows. □ 

Proof of Theorem 13.51 Let fx be as in the assertion and write f\(x) = g\{\x\) 
with gx- (0, oo) — > R. One finds that <?a solves the equation (I14|) . It remains 
to show that (D 9cucl + X)(fxj) satisfies (fTTjh The calculation of the proof of 
the Corollary shows 

pSeucl + A )(/ A7 )(X) = — ^ • 7 + C(X), 

w n _i \x\ n 

where |C( x )lg cuc i = o(|x| 1_n ) as x — > 0. For any Riemannian spin manifold 
(M, g, 0) with boundary <9M and t/j, ip compactly supported spinors we have 



(£><ty, <p) 2 - (V, D» 2 = / (v"</>,<p) dA, 

JdM 

where v is the outer unit normal vector field on dM (see [LM| . p. 115). 
We apply this to (R n \ B £ (0), g cuc \) and u(x) := — A and we obtain the 
assertion. □ 

Definition 3.7. For m £ R we define 

P m (R n ) := £ p r,.,tO* n ) + (C^CER^lRn^o}) n C°(ER n )), 

r+s + t>m 
?' > — n 

where the second space is the space of all spinors which are smooth on R n \{0} 
and have a continuous extension to R n . 
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Remark 3.8. Let € P m (M n ). T/ien we We E< ■ •& € P m (K n ) /or aZZ 
i 6 {1, ...,n}. If f & C°°(]R n ) f/ien using Taylor's formula for f we find that 
the spinor f-d is in P m (R n ). 

Remark 3.9. A spinor ■& € P m (R n ) /ias a continuous extension to R n if 
and only if m > 0. Furthermore by Proposition VS. SA it follows that for all 
m € (—n, 0] we have 

r-\-s-\-t = rn 
r > — n 

C D g ^{P m+1 (R n )) + P m+ i{R n ). 

Lemma 3.10. Let (M,g,Q) be a closed Riemannian spin manifold of di- 
mension n and let A £ R. Let 7 £ S n be a constant spinor on R n . Then the 
spinor G^ cucl (.,0)7 is in Pi_ n (lR n ). Let the matrix coefficients B\ be defined 
as in |2p. Then for all i the spinor 

n 

x 1 ^ J2(B{(x) - 5{)V Ej G{^{x, 0)7 
i=i 

is in P2- n (R n ). 

Proof. The assertion for G 9 ^ ucl (-,0)7 can be seen immediately from Corollary 
13.61 Let f\ be as in Theorem 13.51 and write f\(x) = g\(\x\) with a function 
g\ : (0, 00) — > R. Then we have 

G%°*(x, 0)7 = ^^-x ■ 7 + \gx(\x\ft 
\x\ 

and for every j £ {1, n} we have 

„ n x Q\ (\x\)xa q\(\x\)xj Q\(\x\) „ , g((|x|)x,- 

V £j Gf ucl (x,0)7 = ^ A 1 ' y J x- 7 - A 1 " J s^+ , , £j-7+* p 3 7. 

tZ/ tZ/ 

Since the exponential map is a radial isometry, we have Y^j=i9ij{ x ) x j = Xi 
and thus X^=i -B^ (x)xj = Xj for every fixed i. Thus we find 

n n ' (\ W 

3=1 3=1 1X1 

Since we have <?^(|x|) = 0(|xj 1_ra ) as x — > the assertion now follows from 
the Taylor expansion Q of (x). □ 
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Next we prove existence and uniqueness of Green's function for D 9 — A 
on a closed Riemannian spin manifold in such a way that we also obtain the 
expansion of Green's function around the singularity. The idea is to apply 
the equation ([8]) for the Dirac operator in the trivialization to a Euclidean 
Green's function and then determine the correction terms. This has been 
carried out in |AHj . where for some technical steps Sobolev embeddings were 
used. We present a more simple argument using the preimages under the 
Dirac operator from Proposition 13.21 

In the following for a fixed point p € M let p: V — > U be a local 
parametrization of M by Riemannian normal coordinates, where U C M 
is an open neighborhood of p, V C R n is an open neighborhood of and 
p(0) = p. Furthermore let 



denote the maps which send a spinor to its corresponding spinor in the 
Bourguignon-Gauduchon trivialization defined in Section 13.11 

Theorem 3.11. Let (M,g,Q) be a closed n- dimensional Riemannian spin 
manifold, p £ M . For every cp 6 SpM there exists a unique Green's function 
G%(.,p)tp. If 7 := (3~ 1 if € T> n is the constant spinor on R n corresponding to 
<p, then the first two terms of the expansion of AG 9 x (.,p)(p at coincide with 
the first two terms of the expansion of G^ cucl (., 0)7 given in Corollary \3. 61 

Proof. Let e > such that B 2e {0) C V and let r\ : R n -» [0, 1] be a smooth 
function with supp(7?) C i?2e(0) and 7] = 1 on B e (0). Then the spinor Oi 
defined on R n \ {0} by &i(x) := n(x)G g x cucl (x, 0)7 is smooth on R n \ {0}. For 
r € {1, n} we define smooth spinors $ r onM \ {p} and r +i on R n \ {0} 
inductively as follows. For r = 1 we define 



By the formula ([8]) for the Dirac operator in the trivialization we have on 



P : T,R n \ v -»■ T, 9 M\u, A : 



C7°°(E s M|tf) -> C 00 (SM n | v ) 




qeU\{p} 
qeM\U 



and 




x G V \ {0} 



V\{0} 



n 



e 2 



(DWi _ A)01 + ^2 (Bj 




i,j,k=l 
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The first term vanishes on B £ (0) \ {0}. It follows from the expansions of f ^ 

and B{ - Sf in ©, CE]) and from Lemma EE] that G 2 G P 2 -n(R n ). 

Next let r G {2, ...,n} and assume that & r -i an d G r have already been 
defined. We may assume that Q r G P r _ n (IR n ). By Remark 13.91 there exists 
/Sp+i G Pr+i-n(K n ) such that e r -(Z)fcuci_A)/3 r+1 e P r+1 _ n (M n ). We define 
<& r and Q r +i by 



*r(g) 

and 



^(g)- A" 1 (77/^+1) (<?), ?etf\{p} 
0, qeM\U 



@ r+ l(x) :-- 



A(D 9 - A)$ r (x), iey\{0} 
0, x G K n \ 7 ' 

By the formula ([8]) for the Dirac operator in the trivialization we have on 
P e (0)\{0} 



e r+ i = - A)$ r _i - A(D 9 - X)A~ 1 f3 r+1 

n 



1 11 



i,j,k=l 

Using the expansions ofTj and Pf-<5f in ®, @E) we conclude that O r +i G 
P r+ i_„(R n ). 

We see that n +i has a continuous extension to R n and we obtain a 
continuous extension ^ of {D 9 — A)<3? n to all of M. Thus there exists 

G C°°(£ 9 M| AAM ) n H X {T, 9 M) 

such that (P 9 - A)*' = - . Define 

T:=<t> n + G := -rj/3 3 - ... - + At? '. 

Then on P e (0) \ {0} we have AT = ucl (., 0)7 + G. 

If P is the L 2 -orthogonal projection onto ker(P s — A), then 

G 9 x (.,p)<p:=r-PT 

satisfies (jlip . ()12j) and thus is a Green's function. Uniqueness also follows 
from (jlip . (112p . The statement on the expansion of AG 9 x (.,p)(p is obvious, 
since we have Q G P 3 _ n (R n ). □ 
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4 Zero sets of eigenspinors 



4.1 Eigenspinors in dimensions 2 and 3 

In this section we prove our main result Theorem 11.11 Assume that n G 
{2, 3}. Then there exists a quaternionic structure on the spinor bundle, i. e. a 
conjugate linear endomorphism J of T, 9 M, which satisfies J 2 = —Id. Fur- 
thermore J is parallel and commutes with Clifford multiplication. It follows 
that J commutes with the Dirac operator and thus every eigenspace of D 9 
has even complex dimension. Therefore the following notation introduced in 
|Daj is useful. 

Definition 4.1. Let n G {2,3}. An eigenvalue X of D 9 is called simple, if 
one has dime ker(D 9 — A) = 2. 

In this case one can choose an L 2 -orthonormal basis of ker(D 9 — A) of 
the form {ip, Jip}. 

Definition 4.2. A subset of R{M) is called generic, if it is open in R{M) 
with respect to the C 1 -topology and dense in R(M) with respect to all C k - 
topologies, k G N. 

Remark 4.3. Let fc e N and let A C R(M). If A is open in R(M) with 
respect to the C k -topology, then it is open in R(M) with respect to the C m - 
topology for allm > k. If A is dense in R(M) with respect to the C k -topology, 
then it is dense in R(M) with respect to the C m -topology for all m < k. 

For every g G R{M) we enumerate the nonzero eigenvalues of D 9 in the 
following way 

• •• < A 2 < A^ < < \£ < < ... . 

Here all the non-zero eigenvalues are repeated by their complex multiplicities, 
while dimker(D £ ') > is arbitrary. For m € N \ {0} we define 

S m (M) := {g G R(M) \\f, A^ are simple} 

N m (M) := {g G R(M) | all eigenspinors to Xf, are nowhere zero}. 

It has been shown by M. Dahl that for every m G N the subset S m (M)r)[g] 
is generic in [g] (see [Da]). We are going to use this result later. In order to 
prove Theorem II .11 it is sufficient to prove the following theorem. 

Theorem 4.4. Let M be a closed connected spin manifold of dimension 2 
or 3 and letmGN \ {0}. Then for every g G R(M) the subset N m (M) n [g] 
is generic in [g]. 
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In order to show density we will use Theorem 12.31 for families of spinors 
parametrized by Riemannian metrics. A basic problem is that [g] is not a 
smooth manifold. If one replaces [g] by the space of all k times continuously 
differentiable metrics, 1 < k < oo, which are conformal to g, then the coeffi- 
cients of the Dirac operator are not smooth in general. In this case we cannot 
expect that the eigenspinors are smooth and that Theorem 1 2 . 41 remains valid. 
In order to get around this problem we will use finite dimensional manifolds 
of smooth Riemannian metrics of the form 

r 

v h-fr :={(i + X^/*)5k-",*r eK}ni?(M), 

i=l 

where r E N \ {0} and h,...J r € C°°(M,R). 

Our first aim is to construct a map, which associates to a Riemannian 
metric h E [g] an eigenspinor of D 9 ' h in a continuous way. 

Lemma 4.5. Let k,m E N\ {0}. Let g E S m (M) and equip [g] with the 
C k -topology. Let A E {Xf (g) , . . . , X^(g)} and let ifj be an eigenspinor of D 9 
corresponding to X. Then there exists an open neighborhood V C [g] of 
g and a map F^: V — ¥ C°°(T I 9 M) such that for every h E V the spinor 
Fjj)(h) is an eigenspinor of D 9,h and such that the map FT 1 : 7xM-> T, 9 M 
defined by F^ v (h, x) := F^{h){x) is continuous and such that for all functions 
fi,...,f r E C°°(M,M) the restriction F^ v \v fl / r xM is differentiable. 

Proof. Let V C [g] be an open convex neighborhood of g, which is contained 
in S m (M) n [<jr]. Let h E V and let I C M be an open interval containing 
[0, 1] such that for every t E I the tensor field gt := g + t(h — g) is a 
Riemannian metric on M. Let A E {\f(g),...,X^ l (g)}. By Lemma |2 . 1 1 there 
exists exactly one real analytic family 1 1— > At of eigenvalues of D 9 ' 9t such that 
Ao = A. Furthermore there exists a real analytic family ipt of spinors, such 
that {ipi, Jipt} forms an L 2 -orthonormal basis of ker(D 9 ' 9t — Xt) for every t. 
After possibly shrinking V we may assume that for all metrics h £V and for 
all A E {Xf(g), A^(g)} the families At and ipt are defined for all t E [0, 1]. 
Since we are free to replace ipt, Jipt by linear combinations aipt + bJipt with 
a, b E C, |a| 2 + \b\ 2 > 0, we may assume that ijjQ = ip. We define F^(h) := 

Let h E V and let k = fg for some / E C°°(M,R). With h t := h + tk 
consider F^(ht) for small \t\ such that ht E V . From ([3]) we obtain 

There exists a real analytic family t H > x(t) E C°°(E ft 'M) of eigenspinors of 
L> h ' ht with x (0) = ~P g ,h{F^{h)). It follows that 
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By taking k := h — h! for h,h' € V we find that is continuous. Further- 
more for all functions f\ , ... , f r € C°° (M, R) we can use this equation to see 
that the restriction F^ v \v f f r xM is differentiable. □ 

The strategy for the proof of Theorem 14.41 is based on the following 
remark. 

Remark 4.6. Let A C Ti 9 M be the zero section. Since the dimension of the 
total space T, 9 M of the spinor bundle is 

dim S 9 M = n + 2 1+[n/2] > 2n = dim M + dim A, 

a map f : M — > S 9 M is transverse to A if and only if f^ 1 (A) = 0. 

If for every Aj £ {A^, A^} we choose an eigenspinor tpi and define the 
map 

Fin ■ Vh-fr C^i^M) 

as in Lemma I4.5I then by this remark Vf 1 ...f r H N m (M) is the set of all 
Riemannian metrics h £ Vfi...f T such that all the F^.{h) are transverse to 
the zero section. Therefore in order to prove that N m (M) n [g] is dense in 
[g] we would like to apply Theorem I2.31 Our aim is then to show that a 
suitable restriction of the map Fl v defined as in Lemma l4.5l is transverse to 
the zero section. 

Let p G M with tp(p) = 0. We have a canonical decomposition of the 
tangent space 

T^ (p) T, 9 M ®T p M 

and thus 

dF$°\ M : T g V h .. Jr T p M Y? p M T p M. 
For a given h E Vf x ...f r we will write gt = g + t(h — g) and 

1/H := F^gt), ^^\ t=0 ■= m(dFf\ M (h - g,0)). 
Then it follows that 

Remark 4.7. Let <p € T, P M and X, Y G T p M. 7/ one polarizes the identity 
(X-<p,X-<p)=g(X,X)(<p,(p), 
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then one obtains 

Re(X-<p,Y.<p)=g(X,Y){<p,<p). 



(16) 



Since Clifford multiplication with vectors is antisymmetric, it follows that 
Re(X •</?, V?) = 0. Let <p ^ and let (ei)^ =1 be an orthonormal basis ofT„M. 
It follows that for n = 2 the spinors 

<p, ei ■ (p, e 2 ■ <p, ei • e 2 • (f 

form an orthogonal basis of Y>pM with respect to the real scalar product 
Re(., .). Similarly for n = 3 the spinors 

cp, ei • ip, e 2 ■ <p, e 3 • ip 

form an orthogonal basis ofTipM with respect to Re(.,.). 

The following rather long lemma is the most important step in showing 
that a suitable restriction of FT 3 is transverse to the zero section. 

Lemma 4.8. Let n G {2,3} and m G N \ {0}. Let g G S m (M) and let 
A G {\f(g), \^(g)} . Let ip be an eigenspinor of D 9 corresponding to A 
and let p G M with ip(p) = 0. Then there exist /i,...,/ 4 G C°°(M,R) such 
that the map F^ v : V h ... h x M -> Y> 9 M satisfies 

MdF$ v \ (g , p) (T g V h ... f4 {0})) = E£M. 

Proof. Assume that the claim is wrong. Then there exists <p G £pM \ {0} 
such that for all / G C°°(M,R) we have 

= Re(7T 1 (^| (flip) (/ 5 ,0))^) = Re(^|t=o(p)^>. 
From the formula (113f) for Green's function it follows that 
= {{& - X)^ ,G{(., P )^ + Re(P( d -^U( P ),p). 

Since A is a simple eigenvalue, all spinors in ker(D 9 — A) vanish at p. Thus 
the last term vanishes. By (|12p and (|15p we have 

= - H '/ llNW <(5 DM 'l«-^U* G S(-'W' h ' 

= - Re / <;l DS ' ! "U*G» i (.,pV>dv<> 
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for all / € C°°(M, R). If we use the formula for the derivative of the 
Dirac operator and 

grad 9 (/)-^ = (£» 9 -A)(/^) 

it follows that 

= ^Re / \f(i>,G 9 x (.,p)<p}dv° 

2 JM\{P} 

+ jRe / ((L> 9 - X)(ftp), G 9 x (.,p)(p)dv g . 

Using the definition of Green's function and that all spinors in ker(D 9 — A) 
vanish at p, we find that 

= ^Re/ \f(i>,G{(.,p)<p)dv° + ±Re((fiP)(p)-P(fiP)(p),<p) 
= ^Re / A/(^,G 9 (.,pV}dv 9 

for all / € C°°(M,R). Since we have A / it follows that Re(V>, G{{.,p)tp) 
vanishes identically on M \ {p}. 

Our aim is now to conclude that all the derivatives of ip at the point p 
vanish. Then by Theorem 12,41 it follows that ip is identically zero, which is 
a contradiction. In order to show this we choose a local parametrization p: 
V — > U of M by Riemannian normal coordinates, where U C M is an open 
neighborhood of p, V C R n is an open neighborhood of and ^(0) = p. 
Furthermore let 

/3 : TM n \ v -> TPM\u, A : G°°(£ 9 Af [{/) -> C°°(ER n \ v ) 

denote the maps which send a spinor to its corresponding spinor in the 
Bourguignon-Gauduchon trivialization defined in Section 13.11 We show by 
induction that "\7 r Aijj(0) = for all r £ N, where V denotes the covariant 
derivative on SR n . The case r = is clear. 

Let r > 1 and assume that we have X7 s Aip(0) = for all s < r — 1. Let 
(Ei)2-i be the standard basis of R n . First consider the case n = 2. In the 
Bourguignon-Gauduchon trivialization we have 

i 2 

A ^ x ) = - { E Xh-XjrV Eh ...VE jr Am + 0(\x\ r+1 ) 

' jl,-Jr=l 
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by Taylor's formula and 

A(G{(.,p)cp)(x) = -^2* • 7 - ^ In |x| 7 + O(|x| ) 

by Theorem 13.111 where 7 := fi~ x <~p € S n is the constant spinor on W 1 
corresponding to (p. It follows that 

= -2<irr\\x\ 2 Re{A(G 9 x (.,p)(p)(x),A<ip(x)) 
2 

x i x jl ...x jr Re(E i -i,V Eji ...V Ejr A<iJ;(0)) 

2 

+ A x jl ...x jr \x\ 2 \n\x\Re{ 1 ,V En ...V E]r A^))+0(\x\ r+2 ) 

jl,...,jr = l 

and therefore 

= Re{Ei- 7 ,V Eh ...V Ejr AiP(0)) 

r 

+j2ME js -i,v Ei v Eji ...v E r: s ...v Ejr Am) (17) 

s=l 

= Re( 7 ,V %i ...V %r ^(0)) (18) 

for all j'x, ...,j r ,i £ {1, 2}, where the hat means that the operator is left out. 
By (fT8j) and Remark 14.71 there exist aj lv ..j ri fc, 6j lv ..j r G M such that 

2 

...V B . r A^(0) = a h,-Jr,kE k ■ 7 + h r h i-: : ■ E 2 ■ 7. 

fc=l 

Observe that the coefficients j k are symmetric in the first r indices. 
We insert this into (fT?]) and we obtain 

= a«, i i + y^a. ■ ~ ■ ■ (19) 
k=l 

for all jx, ■■■,jr,i G {1 5 2}. On the other hand since ifi € kei(D 9 — A) we find 
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using the induction hypothesis 

= AV^ 1 ...V Bip _ 1 ^(0) 

2 

1=1 

2 2 

= ^ ajx,...,3r-\,i,kEi ■ Ek ■ 7 + ^ bj li ,,,j r _ li iE i ■ E\ ■ E 2 ■ 7 

j,fc=l i=l 

= -(°il,...Jr-l,l,l + a il,...Jr-l,2,2)7 

+ (aji,...j T ._ Xl i,2 - aii,...j r _i,2,i)^i ■ #2 • 7 

+ ^■ 1 ,..., J v_ 1 ,2^i • 7 - b jUmJr _ u iE2 ■ 7 (20) 

for all ji, >-i € {1, 2}. We conclude bj lt „, t j r = for all ji, j r S {1, 2}. 
Next consider a^,...,^ with fixed ji,...,j r ,i S {1,2}. If we have = i for 
all k € {l,...,r}, then by (HH) we know that Q>j lj ... j j rj i — 0. If there exists k 
such that jk ^ i it follows from the coefficient of E\ ■ E 2 ■ 7 in (f20j) that 

a i,jl,---jk---,jr,j k ~ 31>—Jr,i- 

Again (JT9J) yields aji,...,j r ,i = 0. We conclude that all vanish and 

that V r A^(0) = 0. This proves the assertion in the case n = 2. 

Next consider n = 3. In the Bourguignon-Gauduchon trivialization we 
have 



1 3 

A M X ) = ^ E x J - 1 ..^ r V £ , il ...V^ r A^(0) 

3 

x jl ...x jr x l V En ...V Ejr V Ei Aip(0) 



3l,-,3r=l 



(r + 1)!. 



by Taylor's formula and 

1 A 

-p-prX • 7 + — - 

47r|x| ,;i 4tt\x 



A (G 9 x (.,p)(f)(x) = ~ , 1 , 3 s • 7 + + °( 1^1 
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for every s > by Theorem 13.111 where 7 is as above. It follows that 

= -A7rrl\x\ 3 Re(A(G 9 x (.,p)^)(x),A^(x)) 
3 

= E x jl ...x jr x i Re(E i -'y,V Eji ...V Ejr A^(0)} 

MlvJr = l 

1 3 

+ ~^TL E Xj l ...Xj r x i x m R&(E i -7, Vj? il ...Vj? 3V VE m A0(O)) 

!Jl,-jr,m=l 

3 

-A £ x jl ...x ir |x| 2 Re( 7 ,V £ ; Ji ...V^ r ^(0)}+o(|xr+ 2 ). (21) 
ix,...,ir=i 

From the first term on the right hand side we obtain 
= Re{E i - 1 ,V Eji ...V E]r AiP(0)) 

r 

+ J2ME js -7,V Ei V Ejl ...V^ s ...V Ejr Ai>(0)). (22) 

s=l 

for all ji,...,j r ,i € {1,2,3}, where the hat means that the operator is left 
out. Our next aim is to obtain an analogue of (|18p from the second and 
third term on the right hand side of (12ip . It is more difficult than in the case 
n = 2, since derivatives of both orders r and r + l appear. The equation (|SJ) 
reads 

3 

XAtP = D 9 ™*Aip+ J2(Bf -Si)Ei-V Ej ATp 
1 3 ~ 

i,j,k=l 

Using ©, dJUJ) and that \Aip(x)\ 9eucl = 0(\x\ r ) as x ^ we find 

\A4> = D 9 ^A-ifj + 0([x| r+1 ) 

and therefore 

V Eh ...V Ejr D 9 ^A^(0) = XV En ...V Ejr Ai>(0) (23) 
for all ji, j r G {1, 2, 3}. Using the equation ([7J) we find 

AVf.^ = V Ei ArP + 0(|xr +1 ), AVf.Vf.V- = V Ei V Ej AiP + 0(10 
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for all i,j G {1,2,3}. Since by definition dp\ x 1 (ei) = Ei + 0(\x\ 2 ) the second 
term in the local formula ([5]) for V*V vanishes at p and therefore we find 



AV*S7^ = -J2 ^e^eM + 0(\x\ r ). 

i=l 

From the Schrddinger-Lichnerowicz formula (|6|) it follows that 

A 2 j4V , _ s S^AtP = _ J2 Ve^eM + 0(\x\ r ) 
i=i 

and thus 

3 

V ^- V ^-i E V ^ V ^^(0) = (24) 

i=l 

for all ji, j r - 1 G {1,2,3}. Now recall the second and third term on the 
right hand side of (f2Tj) 



1 3 

= ■-— x jl ...x jr x i x m Re(Ei ■ 7, V Bii ...Vi? jV V Bm Ai/>(0)) 

j'i,...,j r ,i,m=l 
3 

-A x jl ...x jr \x\ 2 Re(- f ,V En ...V Ejr AtP(0)) 

jl,...,j r =l 

and let ki, k 2 , k% G N such that fci + /C2 + ^3 = r - Then from the coefficient 
of x^x^x* 3 we find 

= ma • 7. vfc v^v|,v E ,^ ( o)) {h + ^ (/) 



+ Re(£ 3 ■ 7, Vfev^v|-'v|,^(0)> () , i+ ^ 2 , fa 



„j 



(IF) 



ARe( 7 ,V|\V|v|A^(0))^- I (V) 
ARe( 7 , Vfe Vfe- V| Vl^^O)) fa - ( W ) 
ARe( 7 ,V| 1 V| 2 V|- 2 V| 1 ^(O)) I 0|^ | (VIII). 



2(3 



From the coefficient of x^x^^x* 3 we find 

o = R. (El . 7 ,v| r V|v|,v| I ^(o)) ^L_ m 

+ Re(E 3 ■ 7 , v|- l v|vr i v|,^(0)> ti , (fa ri ^ 2) , t3 , ,/V) 

- v|,- 2 v|vav|,^(o)) ^^f;-,;), (VV) 



- ARe{7, V|', V% vl^vfO))^-^ (V) 

- ARe( 7 , V l E ' V|V|-V| 2 ^(0))^^T <™'>- 



From the coefficient of x^x^Xg 3 " 1 " 2 we find 



_ Re(£: 1 .7.V|--'v| J Vf,V|,^(0)> ) , i , fe g; +2) , (//) 
+ H.(ft ■ 7. V|\ V^'V|,V|, AV,(0)) (Hi) 



+ Re(E 3 • 7, Vfavfav|V B ,^(0)) fa!fa , fe + 1) , (/) 

- ARe<7, vrV^V^.Vl.^tO)) ^,^; 1 ', (F/) 

- ARe(7, V|. V|- V^V|,^(0)>^*^| (V/,) 
-AReh.V^Vt^O)}^-^ (y). 



We multiply the first equation with ( fc i+ 2 )j fc 2-fc3- , the second equation with 
fci!(fc 2 +2)!fc 3 ! an( j ^ e ^jj.^ equation with fcl!fc2! fe+ 2 ) ! anc [ then add the mul- 
tiplied equations. If we consider the lines with the same Roman numbers 
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separately and use ([23]) , ([2"3]) , then we find 

= -2ARe( 7 ,V| 1 Vf 2 V| 3 ^(0)) 

+ Re(E 1 ■ 7 ,V k E \V%V%V El A^(0))h 

+ ^{E 2 - 1 ,V%V%V%V E2 Am)k2 

+ Re(E 3 - 1 ,V k E \V%V k E \V Es A^)k 3 (I) 

- Re(Ex • jM E \V%V%V El Am)h (II) 

- Re{E 2 ■ 1 ,V%V%V%V E2 Am)k2 (HI) 

- Re<£ 3 • 7, V^V^V^V^CO))** (IV) 

3 

- XRe( 7 ,V%V%V%Am) I> + 2)(ki + 1) (V) 

i=i 

+ XRe( 7 y%V%V%Am)ki(h - 1) (VI) 

+ ARe< 7 , V%V%V%A1>(p))h(h2 - 1) (VII) 

+ ARe< 7 , V k E \V k £ 2 V k gAm)h(k3 - 1) (M), 

Therefore we obtain the analogue of f|18f) namely 

Re( 7) V % ...V Bir ^(0)) =0 

for all ji, jV £ {1, 2, 3}. Thus there exist aj lr ..,j r> k £ K such that 

3 

fc=i 

Observe that the coefficients o>j x ... j r k are symmetric in the first r indices. 
We insert this into (|22p and we obtain 

r 

= a,-, ,■ , + Va. ■ - (25) 

fc = l 

for all ji, ...,j r ,i 6 {1,2,3}. On the other hand since ^ £ ker(.D ff — A) we 
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find using the induction hypothesis 

= AV Bil ...V Bjr _ 1 A^(0) 

3 

1=1 

3 

= ^ a h,-,3r-i,i,k E i ' E k ■ 7 
i,ft=l 

3 

= ~ a j'l.—.ir-l|t|*7 

2=1 

3 

+ — Oj'i,... Jr-i,M)-^ ' E k ■ 1 (26) 

i,fc=l 
i<fc 

for all ji, j r _i S {1,2,3}. Consider aj lr .. tjr>i with ji, ...,j r ,i € {1, 2, 3}. If 
jfc = z for all A; E {1, then by (|25p we know that ajx ... j r ,i = 0. If there 
exists k such that 7^ i it follows from the coefficient of EL • i^j • 7 in (|26p 
that 

a i,jl,...f k ...,jr,j k = a h,-,jr,i- 

Again ([25]) yields aji,...,j r ,i = 0. We conclude that all a-jx,~,j r ,i vanish and 
that V r ^4^(0) = 0. This proves the assertion in the case n = 3. □ 

Remark 4.9. It is not clear how to prove this lemma for n > 4. Namely 
the condition Re (7, V^A^O)) = for all i leads to 

n n 

A0(O) = a ikE k + 

k=l k=l 

with € R and bi k € Cl(n). ^4s above it follows that an- = — a^j for all i, 
k and furthermore 

= \Aip(0) 

n 

n n 

= 2 ^ a ik Ei ■ E k -7 + ^2 E i-hk- 7- 

i»fc=l i,jfc=l 

But for n > 4 £/ie spinors E\-E2-J and E^-E^-'j are not linearly independent 
in general. Thus we cannot conclude immediately that all the vanish. 
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Proof of Theorem \4-4\ Let k,m G N \ {0}, let g G R(M) and equip [g] with 
the C fc -topology. Let U C [g] be open. In order to show that N m (M) n [5] is 
dense in [g] we have to show that UflN m (M) is not empty. Since S m (M)n[g] 
is dense in [g], there exists a metric in U D S m (M), which we denote again 
by g. Let A be one of the eigenvalues {A]* 1 , A^} of D 9 and let -0 be an 
eigenspinor corresponding to A. Choose an open neighborhood V C [g] of g 
which is contained in U n S m (M) and define 



as in Lemma |4. 5 



Fw, : V -> C°°(£ 9 M) 



Next we show that a suitable restriction of F? v is transverse to the zero 
section of YPM. Let peM with VKp) = 0- By Lemma 14.81 there exists an 
open neighborhood U p <Z M oi p and ...,/ p ,4 G C°°(M, M) and an open 
neighborhood VJ, C V/ j.../ 4 of g such that for all (h, q) G x U p we have 

jrild^l^^,,..^ {0})) = £*M. (27) 

Since the zero set of ip is compact, there exist points pi,...,p r G M and open 
neighborhoods U Pi C M of pi and / Pi ,i, / Pi ,4 G C°°(M, R) and open neigh- 
borhoods V Pi C V/ 4 of 5, 1 < i < r, such that the open neighborhoods 
U Pl ,...,U Pr cover the zero set of ^ and such that for every i the equation (|2"7|) 
holds for all (/i, g) G V Pi x We label the functions f Pi j by /1, /4 r and 
define 

Vfr.../*- :={(i + 5>/ 4 )^GR}ny. 

1=1 

and ify: Vf^t^ — > C°°(T, 9 M) as in Lemma 14.51 Since M is compact there 
exists C > such that > C on the complement of the union of the sets 
U Pi . Thus we can find an open neighborhood C V/^../^ of g such that 
the equation (127ft holds for all (/i, g) £ 1^, x M. It follows that the restriction 
of F^ v to V^p x M is transverse to the zero section of T, 9 M. 

Define as the subset of all h G such that F^{h) is nowhere zero on 
M. By Remark l4.6l this condition is equivalent to the condition that F^{h) is 
transverse to the zero section of £ 9 M. By Theorem 12.31 the set W$ is dense 
in V^p. Since the zero section is closed in S 9 M and F? v is continuous, the 
set is also open in V^. If h G Wf, then the eigenspinor F^(h) of _D#' h is 
nowhere zero on M and it corresponds to a simple eigenvalue of D 9,h . Thus 
all the eigenspinors of D 9,h corresponding to this eigenvalue are nowhere 
zero on M. 

For every one of the finitely many eigenvalues \ A^ of D 9 we choose 
an eigenspinor i\) and obtain an open subset C V as above. Let W be 
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the intersection of these open subsets W^. It is not empty, since the 
are dense in a neighborhood of g. If h £ W, then all the eigenspinors of D h 
corresponding to the eigenvalues A^ 1 , A^ of D h are nowhere zero on M. 
Since W dU by construction, we have U n N m (M) / 0. Thus N m (M) n [5] 
is dense in [g]. We have already seen that N m (M) n [5] is open in [5]. □ 

4.2 Examples on closed surfaces 

In this section we give a counterexample showing that Theorem 11.11 does 
not hold for harmonic spinors in the case n = 2. Let (M,g,Q) be a closed 
Riemannian spin manifold of dimension 2. The spinor bundle splits as 

£ 9 M = S+M XTM 

and sections of E ± M will be called positive respectively negative spinors. 
The manifold (M,g) is Kahler and the bundle S + M is canonically iso- 
morphic to a holomorphic line bundle L on M. Furthermore positive har- 
monic spinors can be identified with holomorphic sections of L (see e. g. [Hit], 
[Ba2] ). 

To every positive or negative spinor on (M, g) one can associate a tangent 
vector field on M by a method given in |Aml| which we briefly recall. First 
we define r±: SO(2) -> C by 

/ cost — sin A / , .,s 

i-> exp (±zi). 

ysmt cost y 

We define a complex structure J on M such that for every peM and for 
every unit vector X £ T p M the system (X, JX) is a positively oriented 
orthonormal basis of T p M. Then the map Pso(M, g) x r + C — > (TM,J) 
which sends [(ei, e2), 1] to ei is an isomorphism of complex line bundles. In 
the same way we obtain an isomorphism Pso(M, g) x T _ C — )• (TM, — J). 
Then the following holds. 

Lemma 4.10 ( [Ami] ). Let (M,g,@) be a Riemannian spin manifold of 
dimension 2. Then the map 

$± : £±M = Pspin(M, 5 ) x p £± -> P SO (M, 5 ) x Tq= C * (TM, =p J) 

m- [e(s),a 2 ] 

zs iweZZ defined. 
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We denote by 7 the genus of M. Assume that tp is a nontrivial positive 
harmonic spinor on M and that p £ M is a point with ^(p) = 0. After a 
choice of a local holomorphic chart of M and of a local trivialization of the 
holomorphic line bundle T, + M around p the spinor ip corresponds locally to 
a holomorphic function. We define m p as the order of the zero p. Let X be 
the vector field on M associated to tp via Lemma [4.10i It follows that X has 
an isolated zero at p with index equal to —2m p . Let x(^0 = 2 — 27 denote 
the Euler characteristic of M. Denote by TV" the zero set of ip. Since M is 
compact, the set N is finite. By the Poincare-Hopf Theorem we obtain the 
following result. 

Theorem 4.11. Assume that tp is a positive harmonic spinor on a closed 
surface (M,g,Q) and let N C M be its zero set. Then N is finite and we 
have 

J2 m p = -2 X ^ M) = 1 ~ 1 - 

It follows from [Hit] . Proposition 2.3, that on a closed oriented surface 
M of genus 2 there are exactly 6 distinct spin structures, such that for every 
Riemannian metric g on M we have dime ker(D 9 ) = 2. We take one of these 
spin structures. By Theorem 14.111 for every choice of metric every positive 
harmonic spinor vanishes at exactly one point. Thus Theorem 1 1 . 1 1 does not 
hold for harmonic spinors in the case n = 2. 
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